We study a two echelon supply chain with AR(1) demand and unit replenishment lead-times. Each echelon of the supply chain uses conditional expectation to generate MMSE forecasts. Both echelons use these forecasts inside the "Order-Up-To" policy to generate replenishment orders. We investigate 3 different scenarios: The first is when each echelon aims to minimize their own inventory holding and backlog costs. The second scenario is concerned with an altruistic retailer who is willing and able to sacrifice some of his own performance for the benefit of the total supply chain. He does this by smoothing the demand he places on the manufacturer by using a matched proportional controller in the inventory and WIP feedback loops. The third scenario is concerned with an altruistic retailer with two unmatched controllers. The matched controller case outperforms the traditional case by 14.1%; the unmatched controller case outperforms the matched controller case by 4.9%. Keywords: Supply chains, multi-echelon inventory, order-up-to policy, collaboration, altruistic behavior
INTRODUCTION
Assuming AR(1) demand, we study a serially linked twoechelon supply chain that exploits a generalized order-upto OUT policy with unmatched (that is, independent), feedback controllers at the first echelon (the retailer) and a traditional OUT policy at the second echelon (the manufacturer). We also assume that minimum mean square error forecasting is used and unit lead-times are present at each echelon. The benefit from the retailer's altruistic behavior enabled by the generalized OUT policy with unmatched feedback controllers will be investigated, [1] . Each player acts to minimize global inventory costs. To quantify its benefit, this strategy will be compared with other two strategies; 1) a traditional strategy where each player minimizes local inventory costs [2] , and 2) an altruistic strategy achieved by the generalized OUT policy with matched feedback controllers [3] . As an indicator of the supply chain performance, we will employ a metric that consists of the sum of the stationary standard deviation of the net inventory levels at each echelon. This is a valid approach when safety stock have been optimized via the newsvendor principle as inventory costs are then linearly related to the standard deviation to the inventory levels, [4] . We also quantify the bullwhip effect in the supply chain. We reveal the exact analytical expressions of the performance indicators. We highlight that the generalized OUT policy with unmatched controllers enable us to manipulate the dynamics of a supply chain with higher degree of freedom than the generalized OUT policy with matched controllers. Furthermore, we also discuss what kind of information should be shared between these two players to achieve the benefits from the altruistic strategy we highlight herein.
DIFFERENCE EQUATION REPRESENTATION OF THE TWO-ECHELON SUPPLY CHAIN
We assume the demand faced by the retailer is a mean centered autoregressive stochastic process of the first order. Thus, 
and the demand faced by the manufacturer in the second echelon is the retailers order,
In Eq (1), ρ is the autoregressive constant (-1< ρ <1), d t is the demand at time t and d µ is the average demand.
We assume
so that the possibility of negative demand is negligible. t ε is a stochastic white noise process. In Eq (2), o t is the orders at time t. We will also assume that there is a unit replenishment lead-time at each echelon. Additionally, there is a one period, order of events delay.
Thus at both echelons (where the first part of the subscript is used to indicate the echelon in question; x=1 for the retailer and x=2 for the manufacturer), the following inventory balance equation holds,
where ns is the net stock (inventory on hand). In each ordering policy we will also need two forecasts of demand. One of these forecasts is the conditional expectation of the demand in the next period and this is used to generate a desired WIP (or pipeline, orders placed but not yet received) target. The other forecast is the conditional expectation of demand in the period after the replenishment order arrives, that is, the forecast of demand in the next, next period. For the retailer these forecasts are 
This is an appropriate objective function when there are inventory holding and backlog costs that are linear in the inventory position in cases when tns has been set to the critical fractile to minimize the costs via the newsboy principle. The fact that we have simply added the two standard deviations together also implies that the retailer's inventory holding and backlog costs are as important as the manufacturer's inventory holding and backlog costs.
[3] shows that setting Ti=Tw=1 at the manufacturer (the second echelon) yields a minimum value of J in a given scenario. Therefore, in our two-echelon model, only the first echelon (the retailer) exploits the feedback controllers (Ti and Tw) to manipulate the dynamics of the supply chain. The manufacturer simply uses a traditional order-up-to policy with MMSE forecasting to minimise J. This is a natural consequence of our objective function, (Eq 9). If the objective function contains bullwhip related costs then this does not hold and the manufacturer should incorporate feedback controller(s) into his replenishment rule. This is outside the scope of this short conference paper. However, we will quantify order variance at both echelons in our model for completeness. In the rest of the paper we will compare three scenarios:
• The traditional, local optimisation. This scenario considers the case when both the retailer and the manufacturer are solely concerned with minimising their own, local inventory holding and backlog costs. We will study this scenario in section 4.
• The altruistic retailer, global optimisation with matched controllers. This scenario considers the case when the retailer is able and willing to alter his replenishment rule (by tuning Ti) in order to minimise the total supply chain costs. We assume in this case that the retailer uses a generalised OUT policy with matched controllers, Tw=Ti. We will study this scenario in section 5.
• The altruistic retailer, global optimisation with unmatched controllers. We will study this scenario in section 6 and is essentially the same as the previous strategy but with independent, unmatched controllers in the retailer's replenishment rule, that is .
Ti Tw ≠

ANALYSIS OF THE TRADITIONAL OUT POLICY
SCENARIO; THE LOCAL OPTIMISATION Here the retailer uses Ti=Tw=1 and thus the supply chain consists of two serially linked OUT policies with MMSE forecasting. As Ti=Tw=1 there are no stability issues in the supply chain and the variance of the two net stock positions turns out to be ( ) . However we will not provide further details here due to space requirements. Figure 1 illustrates the inventory costs (via the standard deviations used in the objective function, Eq (9)) as a function of the autoregressive parameter, ρ . 
ANALYSIS OF THE GENERALISED OUT POLICY
SCENARIO WITH MATCHED CONTROLLERS By setting Tw=Ti, at the retailer we have matched feedback controllers. This yields a new set of variance ratio formulas. These are: (15) we can see that the valid range of Ti to ensure stability is ∞ < . We may use these variance ratios in the objective function (Eq 9) and determine the Ti that minimises the objective function, Ti*. Analytically this appears to be very difficult to achieve. However, using numerical techniques is considerably less complex and results in the following graphical relationship, 
ANALYSIS OF THE GENERALISED OUT POLIC SCENARIO WITH UN-MATCHED CONTROLLERS
As there are two unmatched controllers then there is a need to conduct a stability analysis at the retailer. There is no need to consider such issues at the manufacturer as here Ti=Tw=1 which results in a stable system. Thus the analysis for the generalised OUT policy with controllers consists of a tw
Stability analysis
Stability can be readily investigated via transfer functions and we will exploit Jury's Inners approach to conduct the
It is known that stability only depends upon feedback loops and thus we ignore the feed-forward a ρ ρ Figure 6 illustrates the stability region.
Figure 6: The stability boundary for the generalized OUT policy with unit lead-times
Variance analysis
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These expressions are plotted in Figure 9 . Figure 9 . The order variances with unmatched controllers (of Ti=Ti* and Tw=Tw*) at with an altruistic retailer 
NUMERICAL INVESTIGATIONS
In order to highlight the benefit of the unmatched controllers with altruistic retailer we will now enumerate the inventory costs and order variances for a range of values in the autoregressive demand parameter. This is shown in Table 1 . We can see that if the retailer is able to alter his replenishment rule to incorporate matched feedback controllers then total supply chain inventory costs may be reduced by as much as 14% when compared to a traditional supply chain. However, if the retailer is will to go even further and use appropriately tuned unmatched controllers, then a further 4.9% reduction in total supply chain inventory costs may be gained.
CONCLUSIONS
The unmatched controller generalised OUT policy dominates the matched controller case with an altruistic retailer who is concerned with minimising the global supply chain inventory costs. The benefit appears to be approximately 5% reduction in the inventory holding and backlog costs. Closer inspection reveals that the altruistic contribution of the retailer, in the unmatched case, is even higher than in the matched case. However, the rewards are even higher when compared to the traditional supply chain where members are only concerned with their local inventory holding and backlog costs as the unmatched controller case is 18.5% better, on the average. In order to gain this advantage the first echelon needs to be able to understand the manufacturer's cost structure, the demand signal and the lead-times in the supply chain and then alter the structure of his replenishment rules. This is, indeed, a very complex task and we imagine that it will take considerable industrial engineering efforts to achieve. Even if this could technically be done then the manufacturer has to understand and use market place information and be willing to share some of the economic benefit with his customer. Otherwise, the retailer will have no incentive to make the altruistic contribution and smooth his replenishment orders. Of course, we have also assumed a linear system exists, and thus all unmet demand has been backordered and the statistical properties of the demand signal are time invariant. As a final point, the analysis therein is very complex and rather ugly. Recent work in [10] , suggests that much more elegant results can be found by exploiting the "full-statefeedback" controller, a technique advocated by modern control theory. This will be explored in future research. 
